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Abstract
Diffusion is a reoccurring phenomena in many fields and is affected by the
geometry in which it takes place. Here we investigate the effects of geometry
on diffusion in a Brick and Mortar model system. The tortuous effects are
evaluated based on generalized Fick’s law, i.e. diffusion driven by differences
in chemical potential. The presented formalism gives a general (semi-)exact
analytic expression for the tortuosity using impermeable Bricks, which is
successfully validated against standard techniques and finite element method
results. The approach allows for anisotropic properties of the Mortar, which
we show can be significant and is not captured with known analytic tech-
niques. Based on the introduced concept of chemical conductivity we also
find generalized Fick’s law consistent with Ohm’s and Fourier’s law in terms
of their constituent parts, which further makes the main results for brick and
mortar structures directly applicable to diffusion of either charge, heat, or
mass.
Keywords: Tortuosity; Fick’s law; Fourier’s law; Ohm’s law; Brick and
Mortar
1. Introduction
Diffusion is a phenomena that occurs in many different forms, both in
nature and technology. For example, diffusion of charges in electrical cir-
cuits, energy in meteorology, and mass diffusion in molecular chemistry.
Here our main focus is on the latter which typically is described by Fick’s
law. The driving-force for mass diffusion is usually described in term of the
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concentration-gradient. This approach is however only valid for homogeneous
mediums and ideal scenarios, i.e. unit activity coefficient. A broader repre-
sentation including discontinuous concentration profiles and non-ideal cases
is a generalized Fick’s law in which diffusion is driven by differences in chem-
ical potential of the diffusing compound[1]. This approach is in essence more
accurate whilst convenient to use in inhomogeneous systems. As the chemical
potential is smooth in any system its gradient is continuous, contrary to the
gradient of the concentration profile which might be discontinuous. Such an
example is the interfaces between air and a condensed phase, where it is not
always meaningful to discuss a concentration gradient. Another example is
found in heterogeneous media where the solubility of the diffusing substance
can very substantially between different regions. Such systems are found in
many complex materials in biology and in technical applications.
In this work we interpret the combination of constituent parts of the
generalized Fick’s law at steady-state and compare to Ohm’s law of charge
conduction and Fourier’s law of thermal conduction. The analogy between
these laws is by no means new, however the presented interpretation of the
transport coefficients and specifically the here introduced concept of chemical
conductivity is. This entity makes the three laws consistent in term of physi-
cal parameters, and their common form provides a general phenomenological
understanding. By then using this framework we find an analytic formula for
the tortuosity in the Brick and Mortar model which is applicable for electric,
thermal or mass diffusion. The result can be used to describe flux in barrier
materials[2], nacre micro-structures[3] and nanocomposite membranes [4], or
cellulose nanofiber foams design to sustain drug delivery systems[5]. As the
shape of the named laws are also similar to that of Darcy’s law for hydro-
dynamic flow[6] and Newton’s law of viscosity[7] the general results in this
paper is also valid for such systems.
The derived expression for the tortuosity is benchmarked on typical stra-
tum corneum (SC) geometries, the upper layer of the skin, for which the
Brick and Mortar model is commonly used[8, 9, 10]. The Bricks then repre-
sent corneocytes and the Mortar represent lipid layers. Corneocytes are dead
cells filled with solid keratin rods, which can swell significantly in water. The
corneocytes are embedded in a multilayer lipid matrix where the lipid layers
are on average arranged parallel to the skin surface. These extracellular lipids
makes up the only continuous route through SC[8]. In case of hydrophobic
diffusing compounds, the corneocytes can be considered impermeable and SC
can thereby be seen as a Brick and Mortar system with impermeable bricks.
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Furthermore, the extracellular lipids constitute an anisotropic matrix where
one expect diffusion to differ in the directions parallel and perpendicular to
the bilayer normal in the multilayer structure. The here presented approach
is able to capture inhomogeneities in the lipid matrix which for SC is an
important aspect to consideration[11]. This novel property of the method
makes it forthright to study anisotropic features of SC lipids using the Brick
and Mortar model, contrary to standard analytic methods[12, 13].
2. Theory
Generally the flux j in a diffusion process can be described[14] as a prod-
uct between the conductivity σ and the acting force f ,
j = σf . (1)
Any such conservative force can be described as the (negative) gradient of a
potential, e.g. electric, gravitational, or chemical. By utilizing this feature
it is possible to derive among others Ohm’s, Fourier’s and Fick’s law.[15, 16]
A generalized Fick’s law can therefore be described by a gradient of the
chemical potential [1] after which its concentration depending counterpart is
retrieved in the special case of ideal conditions[17]. The mass flux j [kg/m2s]
can be described by[18]
j = −Uc∇µ (2)
where U [mol s/kg] is the mass mobility defined as the velocity per unit force
[m/s / J/mol m], c [kg/m3] the concentration, and µ [J/mol] the chemical
potential. Another version of the generalized Fick’s law[19] based on the
(ideally defined) diffusion coefficient D0 [m
2/s] can furthermore be derived
from Eq. 2. Note that for ideal systems D0 = URT , where R [J/K mol] is
the gas constant and T [K] the temperature, which is commonly denoted as
the Einstein relation. For an overview of the relationship between mobility,
diffusion coefficient, and gradient of chemical potential, and Fick’s and Ohm’s
laws we refer elsewhere[20]. By comparing the above equation to Eq. 1 we
recognise U and c to be constitute parts of the conductivity, which we further
define as the chemical conductivity σc and get
j = −σc∇µ. (3)
Here, the introduction and definition of the concept chemical conduction and
its analogy with other diffusion laws is to our knowledge noval, and further
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details on this matter can be found in the supplementary information (SI)
Sec. S1. Conductivity as a general concept is well-known and thus provides
an intuitive understanding whilst it condenses and simplifies the transport
equation. In Sec. S2 in the SI we also derive an alternative form of the
generalized Fick’s law based on an activity coefficient, which might sometimes
be more practical to use.
Based on the generalized Fick’s law and the chemical conduction we in the
following section analytically solve diffusion in one dimension. This solution
is then used to define the effective resistance of a Brick and Mortar membrane,
which is sufficient to retrieve the tortuosity of said membrane. Finally we
analyze results based on the derived expression, and also compare to existing
analytic methods and finite element method results.
2.1. Fick’s law in 1D
The generalized Fick’s law, see Eq. 3 or Eq. S4 (SI) for the ideally defined
variant, in one dimension (1D) using known boundary conditions, and a
chemical conductivity as a function of the single coordinate z, is enough to
retrieve a solution in steady-state. We get
µ(z) = µ(z0) + λ(z)∆µ (4)
where z0 and zf defines the boundaries for the z-coordinate, ∆µ = µ(zf ) −
µ(z0),
λ(z) =
∫ z
z0
σ−1c (z
′)dz′∫ zf
z0
σ−1c (z′)dz′
, (5)
and finally the flux as
j = − ∆µ∫ zf
z0
σ−1c (z)dz
(6)
which has also been found in an earlier work[21].
2.2. Geometry and properties
In this section we will introduce the geometry of the Brick and Mortar
membrane, see Fig. 1a, and its properties. The geometric variables: lateral
period L, Brick width d, lateral spacing between Bricks s, vertical spacing
between Bricks g, Brick thickness t, total membrane thickness h, “left” offset
slit-distance l←, and “right” offset slit-distance l→, all in units of length [m]
are all illustrated in this figure. Furthermore, the offset ratio ω = l→/l←
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which is a measure of the overlap of the Bricks, and the number of layers
of Bricks N , both unitless. For consistency we have kept similar notation
as in previous models of Brick and Mortar systems[13]. Throughout this
work we assume the Bricks to be impermeable. Therefore any particle diffus-
ing through the membrane has to travel in the Mortar matrix. The Bricks
and Mortar system is laterally periodic and thus the lateral crossing-points
are indistinguishable from one-another. By crossing-point we mean a point
where lateral and transverse mortar diffusing-paths meet. Without loss of
generality we from now on assume the period L = d+s to be constant. If not
stated otherwise we assume σ‖ as the (constant) chemical conductivity for
lateral diffusion and σ⊥ as the (constant) chemical conductivity for transverse
diffusion. To assume constant chemical conduction (for ideal systems) has
been used in previous work.[22] The presented procedure is however readily
generalizable also for non-constant chemical conductivities, see Sec. S3 in the
SI.
Figure 1: (a) Geometry of the Brick and Mortar model. Dashed lines are centered in
their respective slit. (b) Circuit representing the total resistance for the Brick and Mortar
model where R↓ is the resistance for transverse diffusion in the Mortar, and R← and R→
represent resistance for lateral diffusion in the Mortar. Here the Bricks are considered as
impermeable.
2.3. Resistance of a membrane
Now we derive an expression for the effective chemical resistance of a Brick
and Mortar membrane. To put it simply, starting from the upper boundary, a
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particle will start to move transversely until it reaches a crossing-point where
it will then move laterally, either to the left or right. Either way, the next
crossing-points are indistinguishable due to periodicityty. Then, again, the
particle will travel transversely and this procedure repeats until the lower
boundary is reached. This pattern can be easily illustrated by a circuit
diagram, see Fig. 1b. The derivation of the effective chemical resistance will
therefore mirror the derivation for an effective electrical resistance assuming
1D diffusion.
We start by denoting the mass flow rate as m˙ [kg/s] and note that
m˙ = −jcA where A [m2] is the cross-area through which the mass flow.
Analogously to electric theory we further define the chemical resistance R
[Js/kg] as
R ≡ ∆µ
m˙
. (7)
The total resistance for the Brick and Mortar membrane is then the sum of
all resistances (effective or otherwise) which are connected in series. Since
Fick’s law is solved in 1D separately for each subsection of the path (i.e. over
each resistor), we need to assume uniform properties over the width of the
diffusion channel, in our case g and s. See Sec. S4 in the SI for more discussion
on this assumption. Thus the cross-area of diffusion will be approximated
by LDg/LDs, where LD [m] is the depth (going inward in Fig. 1a). Note
that as g → 0 and s → 0, i.e. small lateral spacing between the Bricks,
the approximation is exact. Still it might be exact for larger g/s. By using
the the mass flow rate, Eq. 7, the respective solutions to the flux in Eq. 6,
and the expressions for serial and parallel effective resistance we then get the
total resistance for a membrane consisting of N layers of Bricks as
RN =
h
Lsσ⊥
+ (N − 1) lllr
LgPσ‖
. (8)
As a state of reference we for the following presentation need to retrieve the
resistance of a homogeneous membrane without Bricks, i.e. s = L and l← = 0
(or equivalently l→ = 0), which is R0 = h/LDLσ⊥.
2.4. Tortuosity
By using the results in the previous section, we find that the tortuosity,
defined as τ = j0/jN transforms to τ = RN/R0. After introducing the offset
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ratio ω = l→/l← this can be simplified to
τµ = 1 +
d
s
+
L2ω
g
(
g + t N
N−1
)
(1 + ω)2
σ⊥
σ‖
(9)
where subscript µ indicate derivation based on the gradient of the chemical
potential. Note that Eq. 9 is exact and without assumptions for ω = {0,∞},
i.e. l← = 0 or equivalently l→ = 0, as for these cases there are no lateral flux.
Finally, using a single layer of Bricks N = 1, Eq. 9 breaks down and instead
we have τµ = 1 + d/s.
2.5. Existing models in the literature
There exists many approaches describing the geometrical impact on Brick
and Mortar membrane permeability [23, 24, 25, 13, 26] and here we compare
to one of the more rigorous and flexible models.[12, 13] Several of the men-
tioned approaches are valid within their own regime but in this work we
aim for a general and diverse formula. In the next section we will therefore
compare our results to the previously published formula
τc = 1 +
2g
h
ln
(
L
2s
)
+
NLt
sh
+ (N − 1) L
2
hg
ω
(1 + ω)2
(10)
which like the introduced approach is based on one-dimensional diffusion[12,
13]. The subscript c in Eq. 10 indicate derivation based on gradient of the
concentration. In the original work[13] the width of the Bricks d is assumed
to be equal to the period L, yet the approach is straight-forward to adjust
to geometries when d 6= L. The above equation has thus been generalized
accordingly. The derivation of Eq. 10 is valid whenever s  L  2h. That
is, the lateral spacing between the Bricks needs to be much smaller than the
period, and the period needs to be much smaller than the total thickness of
the membrane. For many systems these assumptions are not valid, where
one example is SC which for typical geometrical values gives L ≈ 2h. We
also note an interesting, although erroneous, feature of Eq. 10: As ω → 0
the tortuosity still depends on g. However, from symmetry and steady-state
we acknowledge no lateral flux and thus the choice of g should be irrelevant.
Similar flawed conclusions can however be drawn based on many existing
models and is thus not unique. Finally we want to highlight that no previous
approach for the tortuosity captures anisotropic features of the Mortar, which
indeed our model does.
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Figure 2: Tortuosity as a functions of (a) σ⊥/σ‖, and (b) a, see Eq. S23 in SI for details.
The insets show the difference between the two approaches divided by this work. (c)
Illustrate the chemical conductivity dependence of a.
3. Results and Discussion
In this section we assess the tortuosity based on the derived τµ, see Eq. 9,
for different Brick and Mortar geometries and properties. After an initial
analysis we then compare to results using existing models τc, see Eq. 10.
The results from τµ are depicted by solid lines and τc by dashed lines.
We start by investigate cases which current standard techniques (e.g.
Eq. 10) for the tortuosity[12, 13] can not cover, yet which is straight-forward
using the approach in this work. In Fig. 2a we investigate the impact of dif-
ferent lateral and transverse chemical conductivities, i.e. highly anisotropic
properties relevant to many physical systems. We include results based on
τc, which assumes an isotropic mortar, to contrast the results of τµ. As
σ⊥/σ‖ → 0, transverse transport is the main barrier for diffusion and thus
in this limit τµ is independent of ω. The tortuosity increases linearly with
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σ⊥/σ‖, see Eq. 9, and thus the ω dependence becomes increasingly important.
At the intersect between the two curves, i.e. at σ⊥/σ‖ = 1 which represent
a truly homogeneous mortar, the slope of τµ is fairly steep. Consequently, a
small change in chemical conductivity ratio at this point will induce a large
change in the tortuosity. The impact is striking and should not to be ignored
for non-extreme values 0  ω  ∞. Furthermore Fig. 2b show the results
when the chemical conductivity is instead defined as a linear function of the
z-position. Here the slope is denoted a, see Sec. S5 in the SI for more details
on the used expressions. For a fairly homogeneous chemical conductivity (i.e.
small a) the slope of the ω = 1 curve is roughly flat and we see no large effect.
At larger a, in this case a ∼ 0.8, however the tortuosity increases steeply.
This indicate that a medium with low to moderate gradient in chemical con-
ductivity can be modelled accurately using a homogeneous approximation.
On the contrary, for an alternating gradient in chemical conductivity, as we
saw in Fig. 2a, such an approximation is not valid.
We now move on to analyze results in systems with isotropic mortar,
i.e. systems where τc can also be applied. In Fig. 3a we present results for
an infinitely layered membrane (N = ∞) where bricks are perfectly aligned
(ω = ∞). The tortuosity tends to infinity as s/d → 0 which is reasonable
since at s = 0 there is no transverse diffusion-path, making diffusion through
the membrane impossible. At large s/d the membrane asymptotically equals
a homogeneous membrane of only mortar, giving a unit tortuosity – that
is maximum flux. Fig. 3b illustrates how the tortuosity increases as the
thickness of the full membrane decrease (note constant L). Effectively this
means that as the relative thickness of the Bricks t decreases compared to
L, the tortuosity increases and finally at L/2h =∞ we get τµ =∞. Fig. 3c
shows the tortuosity as a function of the offset ratio ω. At ω = 1 the
tortuosity is at a maxima, which is straight-forward to acknowledge from the
derivatives of τµ with respect to ω or simply due to symmetry. For ω → 0
(or ω → ∞) the tortuosity only depends on the ration d/s as the Bricks
are perfectly aligned which in steady-state makes for a truly one-dimensional
problem since from symmetry there is no lateral flux.
Whilst comparing τµ and τc we acknowledge that the here presented tor-
tuosity is (semi-)exact in Fig. 3a and Fig. 3b (i.e. exact at least for small g
and s), and indeed exact in the extremities of Fig. 3c. Therefore, we argue
most differences to be due to the approximations inherent to τc. In Fig. 3a
the inset show differences between −10% to +40% pending s/d, which is
substantial. The differences in Fig. 3b are also considerable yet seems to
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Figure 3: Tortuosity as a functions of (a) s/d where τc is valid for s/d  1 and τµ for
small s, (b) L/2h where τc is valid for L/2h 1, and (c) ω where τµ is exact for ω =∞
(or equivalently ω = 0). The insets show the difference between the two approaches
∆τ = τc − τµ divided by τµ. Note in (b) the lower limit of L/2h = 438−1 for τµ at which
d = 0 and we thus have a homogeneous membrane – that is unit tortuosity.
converge towards ∼ 8% as L/2h increases, however, as L/2h → 438−1 (the
lower limit) the difference is ∼ 90%. So far we have compared τµ and τc when
the former is (semi-)exact, yet now we turn to Fig. 3c where τµ is truly exact
at ω = 0 and ω = ∞. Here the difference for any value of ω is less than
9%, with a minima around ω = 1 at ∼ 2%. Since the maximal deviation
between the two models are at the extremities where τµ is exact, and thus
at intermediate ω the differences are comparable small, we conjecture τµ to
be more accurate than τc on the interval as a whole. For more details, see
Sec. S6 in the SI where we expand on the comparison between τµ and τc.
Finally we in Sec. S7 present a similar case to Fig. 3a but with vertically
stretched Bricks, with similar tortuosity.
Lastly, in Fig. 4 we present a comparison between our method and finite
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element method (FEM) results. Overlap between disks and diamonds in
Fig. 4 represent agreement between FEM and our results, which we generally
have.
Figure 4: Tortuosity compared to finite-element model results. Data was extracted from
Fig. 6b and τc∗ is described in Eq. 6 in reference[27]. Comparison between τµ and
τFEM is made indirectly through their relationship to τc∗ . The used parameters was
ω ∈ {1, 3, 8, 19, 38,∞}, d ∈ {20t, 40t, 60t}, g = s = 0.1t, and N = 20. The black line
symbolizes a one-to-one relationship between the axes.
102 103 104
τµ (diamond) / τFEM (disk)
102
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104
τ c
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3.1. Implications for Stratum corneum
In its current 1D form, the presented model is foremost applicable to
describe diffusion of hydrophobic substances in SC. This as the corneocytes
(Bricks) then constitutes the dominant obstacles with low permeability, and
diffusion primarily transpires in the surrounding lipid matrix. Unlike pre-
ceding methods[12, 13] the here given model can capture anisotopic charac-
teristics of this lamellar extracellular lipid phase, which is a significant trait
of SC extracellular lipids[11]. Especially transport properties such as mass
mobilities and diffusion coefficients are expected to be of large importance to
diffusion as (generally) particles do not partition equally between the polar
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headgroups and apolar hydrocarbon chains[19]. The introduced method is
exact as g → 0 and s → 0 which generally are accurate assumptions for
SC[28, 13]. Dissimilar to prior works[12, 13] the presented model does not
suffer from the for SC invalid assumption that L  2h. That is, there is
no assumption that the width of the corneocytes (Bricks) are much smaller
than the total thickness of SC. Furthermore, other approaches[26] suffers
from inherent fallibility’s as for example g = s = 0 gives finite tortuosity.
The presented approach can also be based on hexagonal prism Bricks in-
stead of the cuboids, which makes the membrane even more similar to SC
structures[28, 29]. In order to make a rough estimate of the implications of
such a geometrical change, we for transverse diffusion consider the accessible
diffusion-area per unit area in a lateral cross-section of SC. By using hexago-
nal prism Bricks and assuming its side to be d gives the fraction ∼ 1.15 · s/d
for small s/d. The same assumption gives 1.0 · s/d for the previously used
cuboid Bricks. These similar values tell us that transverse diffusion in SC
might be accurately modelled by cuboid Bricks. Lateral diffusion however is
more complex to estimate since the previously one-dimensional offset ratio
ω for a hexagonal prism system would become two-dimensional. As such the
1D model is inherently insufficient to capture the multidimensional concep-
tional characteristics of SC. To what degree this might affect the tortuosity
is however unclear and needs to be investigated further.
4. Conclusions
We have presented a compact (semi-)exact expression for the tortuosity
in the Brick and Mortar model using impermeable Bricks. The derivation
of this expression is based on the generalized Fick’s law for steady-state
mass diffusion. The presented method is advantageous to existing standard
approaches due to its fewer approximations, generalizability, and its novel
ability to capture anisotropic features of the Mortar which no other analytic
model capture. The assumptions are extraneous for low/high off set ratios ω
or small spacing between bricks, making it suitable for, among others, Stra-
tum Corneum geometries. We furthermore introduce the concept of chemical
conduction, after which we find Fick’s, Ohm’s and Fouriers law consistent
in their constituent parts. Their common form simplifies conceptual un-
derstanding of diffusion as interchangeable parallels can be drawn between
fields, and makes the main result of tortuosity in this work applicable for
both electric, thermal, and mass diffusion.
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Supplementary Information:
Tortuosity in the Brick and Mortar model based on
Chemical conduction
Bjo¨rn Stenqvist, Emma Sparr
Division of Physical Chemistry, Lund University, POB 124, SE-22100 Lund, Sweden
Definitions and units of the used variables can, if not state here, be found
in the main text of this work.
S1. Chemical conductivity
The expressions for electric (e), thermal (t), and mass (c) transfer at
steady-state has the same form,
je = −σe∇Φ, Ohm’s law (S1a)
jt = −σt∇T, Fourier’s law (S1b)
jm = −σc∇µ, Generalized Fick’s law. (S1c)
Here je [C/m
2s] and jt [J/m
2s] are the respective fluxes, Φ [V] is the electric
potential, T [K] the temperature, σe [C/Vms] the electric conductivity, and
σt [J/Kms] the thermal conductivity. In the following we will show that
by using the notion of chemical conductivity then Ohm’s, Fourier’s, and
Generalized Fick’s laws are consistent in terms of their interpretation and
constituent parts.
The mass flux can be expressed as[? ]
jc = −Umc∇µ. (S2)
The mobility is defined as the steady-state velocity of a particle under the
action of a unit force, and is thus inversely proportional to the viscosity in a
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fluid (based on Stokes equation) and to the friction coefficient[? ]. After a
comparison of Eq. S1c to this expression we find that
σc = Umc. (S3)
It has been recognised that for ideal systems D0c alone (or ∼ Umc as we will
later see) is sufficient to determine the effective self-diffusion coefficient[? ].
The derivation of this results is however straight-forward to generalize to
non-ideal systems based on Eq. S2. By comparing Eq. S2 to
jc = −D0∇c (S4)
which serves as the definition of the diffusion coefficient[? ? ], we find that
D0 = Umc
dµ
dc
(S5)
which for ideal cases results in D0 = UmRT , where R [J/K mol] is the gas
constant. The electric counterpart to Eq. S3 is
σe = Ueρ, (S6)
where Ue [Cs/kg] is the electric mobility and ρ [C/m
3] the charge-density,
and the thermal equivalent is
σt = Utcp (S7)
where Ut [Js/kg] is the thermal diffusivity (read ∼mobility) and cp [J/Km3]
the volumetric heat capacity. We now acknowledge the similarities between
the laws in Eq. S1, both in form and coupling to other entities. Thus by using
the definition of the chemical conductivity (for simplicity in one dimension)
σc ≡ − jm∇µ, (S8)
we have consistency between Ohm’s, Fourier’s, and the generalized Fick’s
law. The definition, or rather its macroscopic equivalent
σc = −jm l
∆µ
, (S9)
where l is the length over which the difference ∆µ is measured, makes it
possible to obtain a value of the chemical conductivity from experiments.
2
Finally we note that since the generalized Fick’s law in Eq. S1 has the
same form as the ideal Fick’s law, we can trivially reuse past solutions to
the ideal Fick’s law simply by replacing the diffusion coefficient D0 by the
chemical conductivity σc, and the concentration c by the chemical potential
µ. Also, in Sec. S2 we derive an alternative form of the generalized Fick’s
law based on the (∼) activity coefficient which might be more appropriate
for some problems.
S2. Alternative formalism
The chemical conductivity is a product of the mobility and the concentra-
tion, and thus these parameters needs to be known (at least their product)
in advance if using the procedure in the main text. For scenarios when this
product is not known, we here present an alternative formalism which in-
stead relies on knowing the mobility Um and the activity coefficient γ of the
system. As in the main text we start by stating a generalized form of Fick’s
first law[? ] which can be written as
jc = −Umc∇µ. (S10)
By using the definitions[? ] of the activity a [unitless] and the activity
coefficient γ [unitless]
exp
(
µ− µ◦
RT
)
≡ a ≡ γ c
c◦
, (S11)
where µ◦ [J/mol] is the standard chemical potential, and c◦ [kg/m3] the
standard concentration, we can rearrange the generalized form of Fick’s first
law as
jc = −
D0
γ
∇ (γc) (S12)
where we have defined D as
D ≡ D0
γ
=
UmRT
γ
(S13)
and assumed constant exp (µ◦/RT ) /c◦. We note that D has the same unit
as the diffusion coefficient and that in the ideal limit, i.e. γ → 1, we have
D → D0. Therefore we denote Eq. S13 as the definition of the non-ideal
diffusion coefficient.
3
Now we follow the procedure in the main text for retrieving the tortuosity,
yet here we base the derivation on Eq. S12. For simplicity we in the following
use the notation a˜ = γc since the product is closely related to the activity a.
The solution to the 1D steady-state problem is then
a˜(z) = a˜(z0) + λ(z)∆a˜, (S14)
where ∆a˜ = a˜(zf )− a˜(z0) and
λ(z) =
∫ z
z0
D−1(z′)dz′∫ zf
z0
D−1(z′)dz′
, (S15)
which gives the flux as
jm = − ∆a˜∫ zf
z0
D−1(z)dz
. (S16)
By using the definition
R =
∆a˜
m˙
(S17)
for the resistance instead of Eq. 14 (main text), the final expression for the
tortuosity then becomes
τµ = 1 +
d
s
+
L2ω
g
(
g + t N
N−1
)
(1 + ω)2
D⊥
D‖
. (S18)
The difference between Eq. S18 and Eq. 23 (main text), is only in the last
term which scales with D⊥/D‖ compared to σ⊥/σ‖, and the corresponding
assumptions are on knowing these entities. An important observation is
however also the definition of resistance which now is based on Eq. S17.
S3. General expression for the resistance
In the main work we for simplicity used a model which assumes constant
lateral chemical conduction and constant transverse chemical conduction.
Here we present a general procedure which makes no such assumptions, and
therefore is applicable for non-constant conductivity σc(x, z).
The resistance over a line-segment C is
R =
1
A
∫
C
σ−1c (r)ds (S19)
4
which gives the effective resistance over parallel such curves as
1
R∗
=
∑
i
1
Ri
=
∑
i
Ai∫
Ci σ
−1
c (r)ds
. (S20)
The above expression can then be simplified to
R∗ =
∏
k
∫ Ckσ−1c (r)ds∑
i
Ai
∏
k 6=i
∫
Ck σ
−1
c (r)ds
. (S21)
For a Brick and Mortar model we thus have
RN =
Rt - Transverse resistance︷ ︸︸ ︷∫ h
0
σ−1c (x(z), z)dz
At
+
Rl - Lateral resistance︷ ︸︸ ︷
N−1∑
n=1
∏
k∈{←,→}
∫ xn+lk
xn
σ−1c (x, zn)dx
Al
∑
i∈{←,→}
∏
k 6=i
∫ xn+lk
xn
σ−1c (x, zn)dx
(S22)
where xn is the first reached crossing-point in layer n for a diffusing particle,
zn = (t+ g) (n− 1) +
(
t+
g
2
)
, (S23)
and
x(z) =
{
0 z ∈ Odd numbered layer
l→(or equivalently − l←) z ∈ Even numbered layer.
(S24)
S4. The assumptions of the procedure
The approximations in this work all stems from the fact that we assume
a 1D solution to be accurate. Within this approximation lies two important
features to consider. Firstly, the approximated diffusion volume will effec-
tively double-count some volumes, see the overlap between colored segments
in Fig. S1, and it will thus differ from the actual diffusion volume. Secondly,
the properties of the diffusing particles is assumed to be independent of any
coordinate perpendicular to the straight diffusion-path, see the dotted lines
in Fig. S1. Thus, for example if in a red segment in Fig. S1, a diffusing
particle will not be affected by a transverse perturbation, that is a uniform
transverse distribution.
5
The first feature of double-counting is nullified by using either g → 0,
s→ 0 or N = 0. Then the approximated diffusion volume equals the actual
diffusion volume. Even if not zero, just by decreasing g and s one will
decrease the over-counted volume. Moreover, for ω = ∞ the effect will not
occur either since in steady-state for this case there is no lateral diffusion.
The second feature about uniformity will also be nullified by using either
g → 0, s → 0, N = 0, or ω = ∞. Here however the impact for other values
of g, s, N , and ω is harder to evaluate and for many scenarios, intermediate
values might still be fairly approximated by a uniform perpendicular (to the
diffusion-path) distribution of properties.
Figure S1: An enhanced section of Fig. 1a in the main text, where we illustrate the
approximated diffusion-paths by the dotted line and the colored segments.
S5. Linear chemical conductivity
Now we assume that σc is a linear function of z as
σc(z)
σ0
=
2a
h
z + (1− a). (S25)
This function thus gives a “mean” value of σ0 over the interval z ∈ [0, h],
with end-points values of (1± a)σ0. The transverse resistance then becomes
Rt =
h
Atσ0
1
2a
ln
(
1 + a
1− a
)
(S26)
and the lateral resistance
Rl =
l←l→h
AlPσ0
N−1∑
n=1
1
C1n+ C2
(S27)
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where
C1 = 2a(t+ g) (S28)
and
C2 = h(1− a)− ag. (S29)
For N = 0 and constant h and L we have
R0 =
h
LDLσ0
1
2a
ln
(
1 + a
1− a
)
(S30)
which finally gives, assuming Al = LDg and At = LDs like before,
τµ = 1+
d
s
+
L2ω
g(g + t N
N−1)(1 + ω)
2
[
1
(N − 1)
N−1∑
n=1
h
C1n+ C2
]
2a
ln
(
1+a
1−a
) . (S31)
In the limit a→ 0 this expression collapses to Eq. 22 in the main text (using
σ⊥ = σ‖).
S6. Further comparisons between τµ and τc
In Fig. S2 we present the same content as in Fig. 2, except that g and/or
s has been scaled by a tenth. All comparisons in this section will be to the
results presented in Fig. 2 in the main work.
In Fig. S2a we effectively see a shift of the error such that for small s/d the
expressions for the tortuosities are (roughly) equal, and in the limit g → 0
and s → 0 (for the presented scenario) they are indeed equal. For large
s/d the error does however increase and for s/d→∞ (not shown) ∆τ/τµ =
1/(1+g/t) ≈ 1. Interestingly we see that for small g/t, i.e. comparably small
vertical spacing between Bricks to the thickness of the Bricks, the difference
is ∼ 100% whereas for large g/t the difference is ∼ 0%.
Fig. S2b shows the same infinite difference as L/2h → 0, yet for larger
values it has basically been scaled by a tenth, which is what both g and s
has been scaled by compared to Fig. 2. However, in this limit there is no
s-dependence, but we rather have
lim
P
2h
→∞
(
∆τ
τµ
)
= − 1(
1 + t
g
N
N−1
) (S32)
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where we note that for reasonable large N , the difference arise from the t/g-
ratio. Thus, for g  t (in this scenario) we have τµ ≈ τc whereas for other
values there is a significant difference.
Again we, in Fig. S2c, basically see a reduction of the difference by a
tenth. Like before, but now independent of any parameter-choice like d or
N , we in the limit of small s get
lim
s→0
(
∆τ
τµ
)
= − 1(
1 + t
g
N
N−1
) . (S33)
Thus again we acknowledge the importance of the t/g-ratio when it comes
to the difference between τµ and τc.
S7. Vertical Bricks
In Fig. S3 we present the case when the Bricks are vertically stretched,
as compared to the so far compared horizontally alignment. Compared to
the corresponding case in the main text, Fig. 2a, the tortuosity is remark-
ably similar. Note however that the used values of N , d, and g are slightly
different.
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Figure S2: Tortuosity as a functions of (a) s/d where τc is valid for s/d  1 and τµ for
small s, (b) L/2h where τc is valid for L/2h 1, and (c) ω where τµ is exact for ω =∞
(or equivalently ω = 0). The insets show the difference between the two approaches
∆τ = τc − τµ divided by τµ. Note in (b) the lower limit of L/2h = 438−1 for τµ at which
d = 0 and we thus have a homogeneous membrane – that is unit tortuosity.
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Figure S3: Tortuosity for vertically stretched Bricks as a functions of s/d where τc is valid
for s/d 1 and τµ for small s. The insets show the difference between the two approaches
∆τ = τc − τµ divided by τµ.
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